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Abstrat. It is well known sine A. J. Kempner's work that the series of the reiproals
of the positive integers whose the deimal representation does not ontain any digit 9, is
onvergent. This result was extended by F. Irwin and others to deal with the series of
the reiproals of the positive integers whose the deimal representation ontains only a
limited quantity of eah digit of a given nonempty set of digits. Atually, suh series are
known to be all onvergent. Here, letting S
(r) (r ∈ N) denote the series of the reiproal of
the positive integers whose the deimal representation ontains the digit 9 exatly r times,
the impressive obtained result is that S
(r)
tends to 10 log 10 as r tends to innity!

MSC: 40A05.
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1. Introdution
Throughout this artile, we let N
∗
denote the set N\ {0} of positive integers. We
let E(r) (r ∈ N) denote the set of all positive integers whose deimal representation
ontains the digit 9 exatly r times. We also let E
(r)
n (r, n ∈ N) denote the set
E(r) ∩ [10n, 10n+1[. We learly have for any r ∈ N:
E(r) =
⊔
n∈N
E(r)n .
For all r, n ∈ N, write:
S(r)n :=
∑
k∈E
(r)
n
1
k
and for all r ∈ N, write:
S(r) :=
∑
k∈E(r)
1
k
=
∑
n∈N
S(r)n .
In 1914, A. J. Kempner [3℄ showed that the series S(0) onverges. After him,
several generalizations were obtained by several authors. Among others, F. Irwin
[2℄ showed that the series derived from the harmoni series 1 + 12 +
1
3 + · · · by
inluding only those terms whose denominators ontain a limited quantity of eah
digit of a given nonempty set of digits is onvergent. It follows in partiular that
the series S(r) onverges for all natural numbers r. In this paper, the main result
obtained is that the sequene (S(r))r≥1 dereases and onverges to 10 log 10 (see
Theorem 3). As a onsequene, we dedue that we have S(r) > 10 log 10 ≃ 23.025
(∀r ≥ 1). So, aording to the alulations of R. Baillie [1℄, we have the unexpeted
inequality S(0) ≃ 22.920 < S(1). We must notie that the approximate numerial
values of the S(r)'s (r ≥ 1) are very diult to alulate.
In the last setion of the paper, we state a generalization of our main result by
taking instead of the digit 9 any other digit d ∈ {0, 1, . . . , 9}.
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2. The Results
Suppose r, n ∈ N∗. If a positive integer k belongs to E
(r)
n , then writing
k = 10t+ ℓ
with t ∈ N and ℓ ∈ {0, 1, . . . , 9}, we learly have either
• t ∈ E
(r)
n−1 and ℓ ∈ {0, 1, . . . , 8}, or
• t ∈ E
(r−1)
n−1 and ℓ = 9.
It follows that
(1) S(r)n =
8∑
ℓ=0
∑
t∈E
(r)
n−1
1
10t+ ℓ
+
∑
t∈E
(r−1)
n−1
1
10t+ 9
.
We will nd it useful to approximate S
(r)
n with the simpler formula
(2) T (r)n :=
8∑
ℓ=0
∑
t∈E
(r)
n−1
1
10t
+
∑
t∈E
(r−1)
n−1
1
10t
=
9
10
S
(r)
n−1 +
1
10
S
(r−1)
n−1 .
The error in this approximation is given by
(3) Cn,r := T
(r)
n − S
(r)
n .
So, we have
(4) S(r)n =
9
10
S
(r)
n−1 +
1
10
S
(r−1)
n−1 − Cn,r.
This identity will play an important role in what follows.
Our rst proposition shows that the errors Cn,r are not very large.
Proposition 1. The real numbers Cn,r (r, n ∈ N
∗) are all nonnegative and we have
∞∑
r=1
∞∑
n=1
Cn,r <∞.
Proof. From (1) and the rst equality of (2), we have for all r, n ∈ N∗:
(5) Cn,r =
8∑
ℓ=1
∑
t∈E
(r)
n−1
ℓ
10t(10t+ ℓ)
+
∑
t∈E
(r−1)
n−1
9
10t(10t+ 9)
.
This last identity shows that we have Cn,r ≥ 0 (∀r, n ∈ N
∗). Moreover, using (5),
we have for all r, n ∈ N∗:
Cn,r ≤
9
25
∑
t∈E
(r)
n−1
1
t2
+
9
100
∑
t∈E
(r−1)
n−1
1
t2
.
Sine the sets E
(r)
n (r, n ∈ N) form a partition of N∗, it follows that:
∞∑
r=1
∞∑
n=1
Cn,r ≤
(
9
25
+
9
100
) ∞∑
t=1
1
t2
=
9
20
π2
6
<∞.
The proof is omplete. 
For the following, put for all r ∈ N∗:
Cr :=
∞∑
n=1
Cn,r.
Aording to (5), we learly have Cn,r > 0 for all n, r ∈ N
∗
suh that n ≥ r.
Consequently, we have Cr > 0 for all r ∈ N
∗
.
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Proposition 2. For all r ∈ N, the series S(r) onverges. In addition, we have:
(6) S(1) = S(0) − 10C1 +
10
9
and
(7) S(r) = S(r−1) − 10Cr (∀r ≥ 2).
Proof. The fat that the series S(r) (r ∈ N) are all onvergent is already known
(see, e.g., [2℄). Let us prove the relations (6) and (7) of the proposition. Using the
relation (4), we have for all r ∈ N∗:
S(r) =
∞∑
n=1
S(r)n + S
(r)
0
=
∞∑
n=1
(
9
10
S
(r)
n−1 +
1
10
S
(r−1)
n−1 − Cn,r
)
+ S
(r)
0
=
9
10
∞∑
n=1
S
(r)
n−1 +
1
10
∞∑
n=1
S
(r−1)
n−1 −
∞∑
n=1
Cn,r + S
(r)
0
=
9
10
∞∑
n=0
S(r)n +
1
10
∞∑
n=0
S(r−1)n −
∞∑
n=1
Cn,r + S
(r)
0
=
9
10
S(r) +
1
10
S(r−1) − Cr + S
(r)
0 .
Hene:
S(r) = S(r−1) − 10Cr + 10S
(r)
0
=
{
S(r−1) − 10Cr +
10
9 if r = 1,
S(r−1) − 10Cr if r ≥ 2.
This onrms the required formulas (6) and (7) of the proposition and nishes this
proof. 
We now arrive at the most important and ompletely new result of this paper:
Theorem 3. The sequene (S(r))r≥1 dereases and onverges to 10 log 10. In par-
tiular, we have:
S(r) > 10 log 10 (∀r ≥ 1).
Proof. Sine Cr > 0 (∀r ≥ 1), the formula (7) of Proposition 2 shows that the
sequene (S(r))r≥1 dereases. Sine this sequene is positive (so bounded from
below by 0), it is neessarily onvergent. It remains to alulate its limit as r tends
to innity. We have for all integer R ≥ 2:
S(R) =
R∑
r=2
(
S(r) − S(r−1)
)
+ S(1)
=
R∑
r=2
(−10Cr) + S
(0) − 10C1 +
10
9
(aording to (6) and (7))
= S(0) − 10
R∑
r=1
Cr +
10
9
.
Hene:
(8) lim
R→∞
S(R) = S(0) − 10
∞∑
r=1
Cr +
10
9
.
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Now, let us alulate the sum
∑∞
r=1 Cr =
∑∞
r=1
∑∞
n=1 Cn,r. From (1), (2), and
(3), we have for all r, n ∈ N∗:
Cn,r := T
(r)
n − S
(r)
n
=
8∑
ℓ=0
∑
t∈E
(r)
n−1
(
1
10t
−
1
10t+ ℓ
)
+
∑
t∈E
(r−1)
n−1
(
1
10t
−
1
10t+ 9
)
.
By remarking that the sets E
(r)
n−1 (r, n ∈ N
∗) form a partition of N∗ \E(0) and that
the sets E
(r−1)
n−1 (r, n ∈ N
∗) form a partition of N∗, we dedue that:
∞∑
r=1
∞∑
n=1
Cn,r =
8∑
ℓ=0
∑
t∈N∗\E(0)
(
1
10t
−
1
10t+ ℓ
)
+
∞∑
t=1
(
1
10t
−
1
10t+ 9
)
=
8∑
ℓ=0


∞∑
t=1
(
1
10t
−
1
10t+ ℓ
)
−
∑
t∈E(0)
(
1
10t
−
1
10t+ ℓ
)
+
∞∑
t=1
(
1
10t
−
1
10t+ 9
)
=
9∑
ℓ=0
∞∑
t=1
(
1
10t
−
1
10t+ ℓ
)
−
8∑
ℓ=0
∑
t∈E(0)
(
1
10t
−
1
10t+ ℓ
)
=
9∑
ℓ=0
∞∑
t=1
(
1
10t
−
1
10t+ ℓ
)
−
9
10
∑
t∈E(0)
1
t
+
8∑
ℓ=0
∑
t∈E(0)
1
10t+ ℓ
.
Sine
∑
t∈E(0) 1/t = S
(0)
and
8∑
ℓ=0
∑
t∈E(0)
1
10t+ ℓ
=
∑
t∈E(0)
1
t
−
8∑
t=1
1
t
= S(0) −
8∑
t=1
1
t
(beause {10t+ ℓ | t ∈ E(0), ℓ ∈ {0, 1, . . . , 8}} = E(0) \ {1, 2, . . . , 8}), it follows that:
(9)
∞∑
r=1
∞∑
n=1
Cn,r = ∆+
1
10
S(0) −
8∑
t=1
1
t
,
where
∆ :=
9∑
ℓ=0
∞∑
t=1
(
1
10t
−
1
10t+ ℓ
)
=
∞∑
t=1

1t −
∑
10t≤m<10(t+1)
1
m

 .
Let us alulate ∆. For all suiently large positive integers N , we have:
N∑
t=1

1t −
∑
10t≤m<10(t+1)
1
m

 =
N∑
t=1
1
t
−
10N+9∑
m=10
1
m
= (logN + γ)−
{
log(10N + 9) + γ −
9∑
m=1
1
m
}
+ oN (1)
=
9∑
m=1
1
m
− log 10 + oN (1),
where γ denotes the Euler's onstant. By taking the limits as N tends to innity,
we obtain:
∆ =
9∑
m=1
1
m
− log 10.
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Now, by substituting this value of ∆ into (9), we obtain:
∞∑
r=1
Cr =
∞∑
r=1
∞∑
n=1
Cn,r =
1
10
S(0) − log 10 +
1
9
.
Finally, by substituting this value of
∑∞
r=1 Cr into (8), we onlude that:
lim
R→∞
S(R) = 10 log 10
as required. The proof is omplete. 
3. Generalization to other digits
The method presented above an be applied to obtain the general result related to
any digit d ∈ {0, 1, . . . , 9}. For d ∈ {0, 1, . . . , 9} and for r ∈ N, let σd(r) denote the
sum of the reiproals of all positive integers whose deimal representation ontains
the digit d exatly r times. Then, we have the following:
Theorem 4. For all d ∈ {0, 1, . . . , 9}, the sequene (σd(r))r≥1 dereases and on-
verges to 10 log 10.
Remark. Aording to Theorem 4 and to the approximate values of the numbers
σd(0) (0 ≤ d ≤ 9) given by R. Baillie [1℄, we see that only in the partiular ase
d = 0 (already studied by A. D. Wadhwa [4℄) does the sequene (σd(r))r start its
derease at r = 0.
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